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1 Introduction

Neural networks have been widely employed to solve partial differential equa-
tions(PDEs) especially for those constructed from real-world data[16]. Physics
Informed Neural Networks(PINNSs) obtain approximate solutions to PDEs by
optimizing based on PDE residuals.

Solving PDEs through PINNs has been proven to be a promising area. High-
dimensional PDEs can be tackled using deep learning [5], while greedy training
algorithms are just sufficient for PINN training [19]. The stability of neural
solutions can be ensured through a priori analysis [7]. Different approaches, like
Transformers, DOSnet, homotopy dynamics and Newton-informed operators,
have been applied to improve the efficiency of PINNs. Transformers can be
chosen based on Fourier or Galerkin methods [1], DOSnet offers a non-black-
box approach via operator splitting [13], homotopy dynamics can help learning
sharp interface solutions [3], and Newton-informed operators enhance nonlinear
PDE solving [6].

Nevertheless, it has been demonstrated that the primary problem and difficulty
of PINNs is minimizing the residual[11][17]. Minimizing residual loss in PINNs
benefits from wide networks and effective activations, and it is suggested that
activation functions with bijective k-th order derivatives (for a k-th order PDE)
are most effective for minimizing residual loss in PINNs[8].

Various optimizers are applied to minimize the PINN residual. The original
PINN framework uses Adam for initial training followed by L-BFGS for final
refinement[16]. Dual Cone Gradient Descent addresses multi-objective chal-
lenges in PINNs, outperforming SGD and Adam [4], while Implicit SGD stabi-
lizes training for stiff PDEs [9)].

A particularly popular area for training PINNs has concentrated on finding
other quasi-Newton methods besides L-BFGS. For instances, NysNewton-CG
(NNCG) is a second-order method that improves over L-BFGS in loss landscapes
[17], and DCGD and ConFIG are designed for multi-objective optimization and



outperform SGD and Adam in fluids [4, 15]. SOAP amazingly achieves gradient
alignment in PINN training, which achieves much better efficiency than ADAM
in initial training [20].

This work demonstrates that novel optimizers, such as the Dimension-Reduced
Second-Order Method (DRSOM)[21] and MUON]J10], achieve remarkable per-
formance in training Physics-Informed Neural Networks (PINNs)—a potential
that has been previously overlooked.

2 Overview of PINNs

Consider the common partial differential boundary value problem

Dlu(z),z] = 0,z€Q, (1)
Blu(z),z] = 0,z €09, (2)

where Dlu(x),z], Blu(z),z] are smooth functions of Vu(z) , u(z), and = and
Q CR™

Our residual can be represented as

Npc

1 _ _
o O |Blutei,). i)

i=1

L(0) =

|2+i - . -|2
Nri ’

Il
-

Data Loss: Ly,.(0) PDE Loss: £,(0)

In order to solve the boundary value problem using neural network, we need to
restrict u to the space of functions that can be represented by neural network.

Hornik et al. [12] proved that, on a compact region, the neural network can ap-
proximate not only the value of a differentiable function but also its derivatives.
The results can be mainly summarized to the following theorem,

Theorem 2.1. Assume that G € C™(R) and that G® € LY(R) , V0 < k < m.
Assume also that v € C™(R™,R) and K C R™ is a compact set.

Define

l
»(G) = {ZaiG(wfx +b;)rw; €R™a;, b €R,LE N}
k=1

Then for any € > 0, there exists v € X(G), such that

[0Su(z) — 0%v (z)| <e, Vo <m, z € K.



Consider the sigmoid activation function

We can prove that o(x+1) —o(x —1) is in the Schwartz space and thus satisfies
the condition of Theorem 2.1 for any m € N. And noticed that

(o) DB(o(x+1) —o(x — 1)),

we conclude that for any £ > 0, there exists v € 3(0), such that

[0Su(z) — 0%v (z)| <e, Vo <m, z € K.

For the special case when m = 1. Take any ¢ > 0, there exists ¢ > 0 such that
|u(z) —v(z)| < o and ||Vu(z) — Vuv(z)|| < o,V € K, then

|Dlu(x), z] — D[v(z), z]| < € and |Blu(z), z] — Bv(x),z]| <&,V € K.

Take u € C'(R), then 3 v € (o), such that |u(z) — v(z)| < o and ||[Vu(z) —
Vou(z)|| < o. We conclude that

|D[u(zx), ] — Dlv(z),z]| < € and |Blu(x),z] — Blv(z),z]| <e&,Vz € K.

If w is the solution, then

Dlu(z), 2] = Blu(z),z] = 0.

We conclude that

|Dlv(z), z]| < € and |B[v(x),z]| < €.

3 The DRSOM
The update rule for DRSOM is given by:
Tp1 = Tk — 01 gk + aady

This can be expressed in matrix form as:

Tpp1 = o + (—gr  di) (Z;)

where:

e g = VL(xp) is the gradient of the objective function £ at the current
iterate xy.



® d; = x) — x)_1 is the direction from the previous step.

The coefficient vector a = (a1, a2)T is determined by solving the following trust-
region subproblem, which minimizes a quadratic model my(«) of the objective
function:

a = arg min mg(a)
=gk +azd||<pk

The quadratic model is defined as:

1
mp(a) = L(xy) + et o+ iaTQka

The components of this model, vector ¢; and matrix @, are constructed as

follows:
. —lgxl? 0 gt H(zk)gr  —gi H(xk)ds,
o= . Qr=
9 die —gFH(zy)dy  df H(zy)dy

Here, H(xy) is the Hessian matrix of £ evaluated at zj, and py is the trust-
region radius, which is adjusted at each iteration according to a specific rule.

Two different attempts have been used to calculate the quadratic forms g,{H (k) gk,
gF H(xr)dg, and df H (z)dy:
e Automatic differentiation(AD): Obtaining H (x)v by doing backward prop-
agation on VL(xy)Tv;
e Finite difference(FD): A typical example would be approximating H (xy)v
by % (VL(zk, + 0v) — VL(xy)).

Although it has been demonstrated that automatic differentiation is essential
in PINN training for the reason that finite difference makes tiny eigenvalues
larger, leading to inexactness when calculating the pseudo-inverse. However,
automatic differentiation (AD) can sometimes lead to memory overflow issues
due to the storage requirements of the computational graph[2].

3.1 The straightforward calculation of two Hessian—vector
products in DRSOM

Let g := VL(x) and Hy, := V2L(x). On a compact region R containing all
iterates and trial points, assume

IVL@) <G, |L@)| <M, VL) <L, [VL(@)| <L, [VL(x)||<Ls, VzeR.

By Taylor’s theorem for the gradient, for any § > 0,
VL(wp £ 0gk) = g £ 0Hpgr +1oge |lrasl < 5L28%(|gel*.

Hence

gk — VL(xp — 0 gk)
6 b

gk — V,C(xk — 5919
6

Hygr =~ HHkgk_ )H < 1L,6 gkl



For the second product, let s;_1 := x — 25—1 (your dj_1). Then

1
Gk — Gk—1 = (/ V2L(zp—1 + tSk—l)dt) Sk—1,
0
so that

H(zp—1)Sk—1 = gk — Gk—1, |(gr — gk—1) = H(zp—1)sk—1|| < $La2 se—1”.

Remark. If one needs Hydy, an analogous relation is Hidy = gi+1 — g with the
same O(||dg||?) error.

3.2 Regularizing an ill-conditioned Q)

Let Qj, € R%2*2 be symmetric with eigenvalues Amin < Amax. For a target 7 > 1,
the smallest shift € > 0 such that Qj + eIy = 0 and
)\max + 6
I = - <
HQ(Q]C—’_& 2) )\min“!‘f =T
is

Amax — T Ami
E*_max{o, “Ain + 0, maTmm}7

T—1

with a tiny safety margin ¢ > 0 (e.g. 107'2). Since k2(Q + eI) decreases
monotonically in £, this choice is minimal.

3.3 Reducing the number of gradient evaluations
At late stages, ||dg—1|| is small, and

Hy g, =~ L Vﬁ(;vk — 5%)7 (3)

H(zk—1)dp—1 = gk — gr—1,

which suffices to assemble Qi with only one extra gradient evaluation at xy—dgy.

3.4 Error analysis (finite differences and round-off)

Define

or(0) = LonlZ = n VL~ 99) ()

Then
|98 Higr — 01(8)| < 5L26 lgr]l®,

and, under the standard floating-point model with inner-product error ~,,

616) — (o (o) < DDy e o,

Balancing gives 67 &~ v/(2C17,)/(L2]|gk]))-



3.5 Hermite approximation (higher accuracy with func-
tion & gradient)

Using the expansions of £ and VL at xj along g and canceling cubic terms,

L(zy — 6g1) — L(z) + S VL(xk — dgk) + 2| gk
52/6

+ O(8%|lgell),
()

g Hegr =

with the explicit bound

L(zi, — 6g1) — L(x) + S97 VL(xk — 0gk) + 2| gx ||
52/6

7
9 Higr — < EL?’ 6% |lgnl*.

In floating-point arithmetic, a practical choice is

CfuM 1/4
0 ~ L ——
" (Ls ||9k||4>

4 The MUON

Muon is also an optimizer designed for the layer-wise structure of the neural
network[10]. Assuming that G; € R™*" m > n, the updating formula is given
as Algorithm 1.

Algorithm 1 Muon

Require: Learning rate n, momentum u
1: Initialize By < 0
2: fort=1,... do do
3 Compute gradient Gy <+ VL(6;)
4 By <~ puBi1 + Gy

5: O; < NEWTONSCHULZ5(B;)

6

7

8

Update parameters 6; < 0;_1 — nO;
: end for
: return 6,

while NewtonSchulz5 is an approximation to the following mapping:

Rmxn _) Rmxn
UTAV — UTV.

This approximation is done by the composition of simpler functions,

NewtonSchulzb = g opo oo p.

©(UTAV) = UT(ah + bA3 + cA)V.



This approximation makes the computational complexity from O(m?) to O(m?).

Liu et. al. [14] shows that in the task of LLM training, the MUON optimizer
performs better with the weight decay mechanism:

Wi =Wi_1 — e (Or + AWi_q).

An interesting note is that MUON with weight-decay can be understood as a
kind of Stochastic Frank-Wolfe[18].

5 Numerical Comparison between ADAM, SOAP,
MUON and DRSOM

From Figure 1, 2,3 we can observe the following patterns:
1. The optimizers varies greatly from different problems,
2. The SOAP optimizer always excels in the early stages,
3. The SOAP optimizer always performs bad in the late stages,
4. The DRSOM optimizer often excels in the late stages.

o 20000 40000 60000 80000 100000 120000 o 20000 10000 60000 80000 100000 120000
nnnnnnnnnnnnnnnn

(a) Hidden Layer with Width 50 (b) Hidden Layer with Width 100

Loss for reaction, Seed 123, Neurons 200 Loss for reaction, Seed 123, Neurons 400

— adam
an

o 20000 40000 60000 50000 100000 120000 ° 20000 40000 60000 80000 100000 120000
nnnnnnnn Reration

(c) Hidden Layer with Width 200 (d) Hidden Layer with Width 400

Figure 1: Comparison between ADAM, SOAP, MUON and DRSOM for logistic
equations
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Figure 2: Comparison between ADAM, SOAP, MUON and DRSOM for trans-
port equations

6 Tackling the Disadvantage of MUON in PINN
training-Using a Proper Step Size Schedule

In Algorithm 1, instead of using a constant step size 7, we replace n by n, =
kL(6;). A nice finding is that this step-size schedule with x = 1 successfully
solves the Logistic equation with high accuracy.

7 Future Works

While it is very interesting that such a simple step-size schedule would resolve
the zig-zag pattern and achieve a strong decrease in the final refinement, the
effect on other PDEs remains unclear and remains to be an interesting topic.
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1. Why randomization?

Randomization is a promising tool to develop faster Numerical Linear Algebra Solvers.

To deal with large sparse matrices, we can use preconditioning and BLAS-level.

2. Randomized Preconditioning

Solving an over-determined least—squares system

min - [|Az — bl|2, AeRY*™ N > m, (1)
TER™

with a naive iterative method (e.g. LSQR) can be slow when A is ill-conditioned. Ran-
domized preconditioning uses a cheap dimension-reducing map to build a near-optimal
right-preconditioner in O(nnz(A)) time where nnz(A) refers to the number of nonzero
elements of A, a measurement of the sparsity of A.

2.1. LSQR method

LSQR is an iterative Krylov method. In exact arithmetic its iterates are identical to those
produced by Conjugate Gradient applied to the normal equations ATAxz = ATb (often
called CGLS or CGNR), but LSQR achieves this through Golub—Kahan bidiagonalisation,
which is numerically more robust.

Step 1: Initialisation (k = 1)(paige1982lsqr)(scipyLSQR)(matlabLLSQR)
Bi = |bll2, w = b/B, a = HATU1H27 v = ATUl/Oéb wy = vy, x9=0.
Step 2: Golub-Kahan bidiagonal step (k = 1,2,...)

upyr = Avg — aguy, Brr = [unsilles weyr < ung1/Brra,

Vk+1 = ATUk:-',—l - 5k+1vk, Apy1 = ||Uk+1||2, V41 < Ulc+1/ak+1-

Step 3: Apply the Givens rotation (plane rotation)

Pk =[P+ B = pe-1/pks Sk = B/ pr,

Or41 = Sk 1, Pk = —Cp Qi 1,
Pk = Ck Pk—1, Pr+1 = Sk Pk—1,

where pg := aq and ¢y = [ia;.
Step 4: Solution and direction updates

_ Pk B Ok11
Tp = Tp1 + — Wi, Wpt1 = Vg1 — — Wg.
Pk Pk

The residual norm satisfies ||7%||2 = @11, SO it decreases monotonically.



2.2. Blendenpik’s method

Assume A € RV*™ with N > m and consider the over- determined least-squares pro-
blem min, || Az — b|[o. Let the thin QR of A be A = Q4RA, where Q4 € RY*™ has
orthonormal columns and R4 € R™*™ is upper triangular. The optimal (but expensive)
right-preconditioner is 2. Blendenpik replaces it by a cheap approximation obtained
from a sketch.

Sketch step. Draw a Johnson-Lindenstrauss matrix S € R**", e.g. an SRHT with
s = [4mlog m] rows. Form!
B = SA = SQaR4.

Preconditioner construction. Compute the thin QR of B: B = QpRp with QLQp =
I,,. Set the right-preconditioner

P = Rj.
Theorem 1 (Avron—-Maymounkov—Toledo, 2010). With the notation above,
HAP) = (5Q.).

1
If S is an e-subspace embedding for range(A), then k(AP) < . + c
—€

Demonstracdo. Write P = R;l. Because A = Q4R4 and SA = QpRp, we have
SQaRs = QpRp, hence SQ4 = QBRBRZI. Left-multiplying by an orthonormal
matrix does not change singular values, so x(SQ4) = w(RpRy'). Similarly, AP =
QaR4R;" and therefore k(AP) = k(R4R5"). Since k(M) = (M) for any inverti-
ble M,

r(RpR;') = w((RaRp") ™) = w(RaRZY),

which shows k(AP) = k(SQ4). For a Johnson-Lindenstrauss sketch the latter is boun-

ded by ,/3*=, completing the proof. [

1-e?

Blendenpik algorithm.

Step 1: Draw S (SRHT) and compute B = S A.
Step 2: QR-factorise B in BLAS-3, obtain Rj'.
Step 3: Run LSQR on APy = b; set x = Py.

Typical settings s ~ 2m—4m yield k(AP) < 4 and LSQR converges in O(m)
operations; the total flop count is O(nnz(A)log s + m?). On dense inputs this is 5-10x
faster than LAPACK’s QR with identical backward error.

IThe product SA costs O(nnz(A) log s) flops with an SRHT.



2.3. Johnson-Lindenstrauss Lemma (1984)

Theorem 2 (Johnson—-Lindenstrauss). Let 0 < ¢ < 1 and let X C RY be a set of m

points. If

8logm
s =z

Y

o2
then there exists a linear map f : RN — R® such that for all u,v € X

(I—e)u—vlz < [If(w) = fO)z < (1+e)[lu—vlf.

2.4. Subspace Embeddings

Definition 1. Ler V' C RY be an m-dimensional subspace and let € € (0,1). A matrix
S € R**N is an e-subspace embedding for V if

L=e)loll* < ISvl* < (L+e)[lv]?, YveV

The definition is equivalent to

u'v = ellulllv]] < (Su)"(Sv) < w'v + elullllv], Vu,veV.

For many random constructions one can choose
s = O((m+1n(1/8))e7?),

so that the embedding holds with probability at least 1 — §. (The constant hidden in O(-)

is typically between 4 and 8.) :contentReference[oaicite:0]index=0
Definition 2. Let I1 be a distribution over s X N matrices S (where s may depend on

N,m,e,0). If, with probability at least 1 — 0§, a draw S ~ 1l is an e-subspace embedding

for every fixed m-dimensional subspace V, we call 11 an (N, m, e, ) OSE ensemble.
Theorem 3. The ensemble of s x N matrices whose entries are i.i.d. N'(0,s7') is an

(N, m,e,d) OSE provided
s = O((m+1n(1/6))e7?).

Idea. For any unit vector z € RY, (Sz); ~ N(0,571), s0 s||Sz||* ~ x2. Using the tail
bounds Pr[y? > (1 +¢)s] < e==*/* and Pi[x? < (1 — ¢)s] < e "%/, together with a
union bound over an £/2-net of the unit sphere in V' (whose size is at most (1 + 4/¢)™),
yields the stated dimension requirement. [

Common OSE constructions.

* Gaussian or Rademacher (dense) matrices — optimal dimension, O(/N's) multi-
ply.

* SRHT / SRFT (structured) — O(N log N) multiply, same dimension up to log
factors.

* CountSketch / TensorSketch (sparse) — O(nnz(A)) multiply; trade-offs between
sparsity and s.

Lower-bound results show that the scaling s = Q((m+1In(1/§)) e~?) is information-
theoretically optimal, even for sparse embeddings.



2.5. N log(s) order of computations

For a sparsity parameter ¢, construct

N
S = /= 1[s1,8,...,5x], where[s1,s5,...,5x] € {—1,0,1}%*V,

¢

For each column j € [N]:

* pick distinct row indices p; 1, . .., pj¢ € [s] (sampling without replacement, so no
two coincide);
* picksigns 0 1,...,0;, € {—1,1}.

Set (s;); = 0;¢if i = p;, for some ¢ and (s;); = 0 otherwise. Each column therefore has
exactly ¢ non-zeros.

Fast transforms (e.g. FFT/FWHT for SRHT or simple hashing for CountSketch)
reduce the naive O(sN) multiplication cost to O(N log s) for dense data or O(¢ nnz(A))
for sparse data.

2.6. Krylov Methods
The Arnoldi process is the workhorse of many Krylov solvers, e.g. GMRES, EIGS.

Review: Gram-Schmidt Process

Algorithm 1 Modified Gram—Schmidt step inside Arnoldi
1: forj=1,...,mdo

2 w 4 Av; > new Krylov vector

3 fort=1,...,7do > inner projection loop

4 hij — U;w

5: W <— w — hij Vi

6: end for

7

8

9:

hjsrj < [lwl[2
Vjp1 < w/hj+1,j
end for

Gram-Schmidt process for orthonormal basis (for the m— th Krylov space for
A € RVXN,
Vin = [01,02, ..., U]

The complexity for such Gram-Schmidt process is O(Nm?).

2.7. Krylov Method

Given a matrix A € CV*¥ and a non-zero vector b € C", the m-th Krylov subspace is
Kon(A,b) = span{ b, Ab, A%, ..., A"}

The Arnoldi process builds an orthonormal basis V,,, = [v1, ..., vy, ] of K\ (A, D) and a
small upper-Hessenberg matrix H,, such that

Avm - VmHm + hm—l—l,mvm—o—lé’;n' (1)



Appending the extra vector and entry gives the compact form

Hp,
AVm == m—+1 ﬂ'm,) H = |: :| . (2)

=m *
hm—l—l,m €m

Algorithm 2 Arnoldi (MGS)

1: v < b/”b”g
2. forj=1,...,mdo

3: w 4 Av; > new Krylov vector
4: fori=1,...,jdo > orthogonalise
5: hij — v’;w

6: W <— W — hij Vi

7: end for

8: hjs1j < w2 > may trigger re-orthogonalisation
9 v w/hj

10: end for

Arnoldi iteration with modified Gram-Schmidt

* Work.O(Nm?) flops for dense A; O(nnz(A) m + Nm?) when A is sparse.

* Storage.O(Nm) for V1 and O(m?) for H,,,.

* Stability.Modified GS (or classical GS with re-orthogonalisation) keeps the columns
of V,,, nearly orthonormal.

Projection methods built on (2)

FOM. Impose V' r,, = 0 with z,, = x¢ + V,,,y;n.Solve H,,y,, = Be;.

GMRES. Minimise ||7,||2 = ||fe1 — H,,y/||2 to obtain z,,, = ¢ + Vi Y.

EIGS / IRAM. The eigenvalues of H,, (Ritz values) approximate some eigenva-
lues of A.

Complexity versus accuracy

* Restarting (e.g. GMRES(k)) caps the subspace dimension at &, keeping the cost per
cycle O(NE?).

* Selective re-orthogonalisation orthogonalises only against “dangerous” directions to
reduce the inner loop.

* Block Arnoldi groups p right-hand sides and replaces dot-products by level-3 BLAS,
improving cache efficiency.

The Arnoldi relation and its associated small Hessenberg matrix H, therefore
provide the foundation for residual- minimising linear solvers (GMRES/FOM) and large-
scale eigenvalue codes (ARPACK, MATLAB’s eigs), balancing O(Nm?) orthogonali-
sation cost against rapid convergence.



2.7.1. FOM and GMRES approximants

Once the Arnoldi relation is available, two standard Petrov—Galerkin projections arise:

P =V H VoD, s = Vi L (Vo).

where H In denotes the minimum-norm (m + 1) x m pseudoinverse obtained, e.g., from
the thin QR of /.

Residual properties

rt=0b— Az 1 Kn(A,0),

m

PO = b — Ag minimises ||7,,||2 over zg + K, (A, b).

How the formulas arise

* FOM. Impose the Petrov—Galerkin condition V,r,, = 0: Vb = V*AV,,y. Since
V*AV,, = Hy,,y = H 'V b and z,, = V;,.

* GMRES. Write r,,, = b — AV,,,y. Using (2?), ||rwmll2 = ||Ber — H,,y|l2- Minimising
this (m + 1) x m least squares gives y = H! (Be;), hence the expression above.

Cost summary

Task Dense A Sparse A
Arnoldi (m steps) O(Nm?) O(nnz(A)m + Nm?)
Solve H,,y = Be; (FOM) O(m?) O(m?)

Solve H, .y ~ 8e; (GMRES)  O(m?) O(m?)

Form z,,, = V,,y O(Nm) O(Nm)

Thus forming either 2F or 7% after the basis is built costs O(N'm + m?) extra
operations and negligible additional storage.

Remarks

 For Hermitian A, H,, is tridiagonal and the cost per step drops to O(Nm).

e In practice GMRES is restarted after m = k iterations to keep the O(Nk?) growth of
orthogonalisation under control; FOM is rarely used without restarting.

* The residual norm in GMRES can be updated cheaply from the Givens rotations already
applied while solving the least—squares problem, giving a robust stopping criterion.

2.8. Sketch the Arnoldi Process (RGS—Arnoldi)

Instead of computing inner products in full precision, replace the standard Gram—Schmidt
projection (u, v) with the sketched inner product {Su, Sv), where S € R**¥ is a John-
son—Lindenstrauss embedding with distortion .



The arithmetic cost remains O(Nm?), but the algorithm now produces an ortho-
normal basis SV,,, and a well-conditioned unsketched basis V;,, satisfying

1o \12 14 e \/?
(1+€) k(SVy) < k(V,) < (1_5) K(SVin),

where x(-) denotes the 2-norm condition number.

Recall. Classical GMRES chooses the optimal iterate z,,, € KC,,(A, b) by

Ty, = argmin || b— Ax .
2EKm (A,b)

Writing 2., = Vi ¥ gives 4, = (AV,,)Th.

Sketched GMRES. Replace the normal equations by their sketched analogue:

Im = (SAV)'Sb, G = Vi

Thus
T, =argmin|| b — Ax ||, Ty, = argmin || Sb — SAz ||z.
zeV,,Cm €V, Cm
Residual bounds. With ||r,,|| = ||b — Az,,|| and 7, = b — Az,,, the sketch preserves
the GMRES residual up to
1 1 1+¢
Pl < Womll < —— = [|S7 ]l € —— [|STmll < 1/ —— [|7]l-
[l < H_m\l ||_m|| = yfy=lIrml

Forming either x,, or Z,, after the basis V,, is built costs O(Nm + m?) additio-
nal operations, so the overall complexity of sketched Arnoldi remains dominated by the
orthogonalisation phase.

2.9. Sketched Deflated Restarting (GMRES-SDR)

Sketched GMRES gains speed but its error bounds contain extra condition—number factors—
one from the sketch x(SV}) and one from the deflation subspace x(SU). GMRES-SDR
controls these by

1. keeping the sketch dimension s = ©((k + In(1/6)) e7%);
2. re-orthogonalising the recycled Ritz vectors after each cycle;
3. scaling the preconditioner so that x(SU) < (1 + ¢).

With those safeguards the usual GMRES residual bound |7, || < (1+4¢) mingem,, |[p(A)rol|
remains valid and the per-cycle cost stays O (nnz(A)k + Nk?).



2.10. Stabilise sGMRES through FGMRES

We treat sketched GMRES (sGMRES) as a right-preconditioner inside Flexible GMRES
(FGMRES).

Theorem 4. Let TJF GMRES pe the residual after j outer iterations of FGMRES and let
TP REC = Az; — v; be the inner (preconditioner) residual returned by the j-th call to

sGMRES Then
||,,{GMRESH < H FOM“ H PREC”

where
HTFOMH = hjj- 1‘ G— 1 J— 11|

is available from the small (j — 1) x (j — 1) Hessenberg matrix H;_y produced by the
outer Arnoldi iteration.

When ¢ = 0 (i.e. no re-orthogonalisation inside the sketch), FGMRES converges
significantly faster than a standalone sSGMRES cycle, because the flexible outer loop ab-
sorbs the sketch-induced perturbations while preserving the short-recurrence cost of the
inner solver.

3. Matrix Functions

Given a large sparse matrix A € C¥*¥ and a sufficiently smooth scalar function f, we
recall three equivalent definitions of f(A).
Definition 3 (Hermite interpolation). Let ps 4 be the unique polynomial of degree at most

N — 1 that Hermite—interpolates [ at the eigenvalues A(A) = {1, ..., \n}. Define

f(A) == pra(A).

Definition 4 (Spectral decomposition). If A is diagonalizable, A = UDU ! with D =
diag(A1, ..., Ay), then

f(A) =U dla’g(f(/\1>» Tt f()‘N)) U_l'

Definition 5 (Cauchy integral). If f is holomorphic in an open neighbourhood €2 O A(A),
choose a positively oriented contour I C Q) enclosing A(A). Then

—m/f (61— Ay de.

Examples.

¢ Matrix exponential. u(t) = e'b solves the ODE u/(t) = Au(t) with u(0) = b.

« Hyperbolic cosine. u(t) = cosh(tv'A)b solves «”(t) = Au(t) with u(0) = b, v'(0) =
0.

* Fractional power. A“b appears in fractional differential equations and Dirichlet-to-
Neumann maps.

* Matrix sign. sign(A)b = (A%)~1/2Ab arises in electronic structure calculations and
lattice QCD.

Numerical remark. For large sparse A, Krylov subspace techniques (e.g. the
Arnoldi approximation f,,(A)b = V,,f(H,,)V,b) provide efficient approximations to
f(A)b without forming f(A) explicitly.



4. Krylov methods for approximating f(A)

Our goal is to compute an approximation f,,(A)b € IC,,(A, b) efficiently, where K,,,(A, b) =
span{b, Ab, ..., A" 1b}.

Arnoldi decomposition
Avm = VmHm + herl,m Um+1€>:nu

with V' V,,, = [,,, and H,, € C™*™ unreduced upper-Hessenberg. Equivalently, AV,,, =
Vm-‘rlﬂm'
Definition 6. The m-th—order Arnoldi approximation to f(A)b is

fm(A)b = Vi f(Hm) Vb,
provided f(H,,) is well defined.

Interpretation. Because H,, = V), AV,,, there exists a polynomial p,,_; of degree <
m — 1 such that f,,(A)b = p,_1(A)b; hence f,,(A)b is the projection of f(A)b onto
Ko (A, D).

Cost. Forming f,,(A)b requires

e one evaluation of f(H,,) (O(m3) or explicit if f is a low-degree polynomial);
* two dense products with V,,, (O(Nm) each);

so the post-processing cost is O(Nm + m?), negligible compared to the O(Nm?) spent
constructing V,,,, H,,.

Accuracy. If f is analytic on and inside a contour I" enclosing A(A), the error satisfies

1F (Al = fu(A)Bll = O([[ums1,mll)
linking convergence to the last Arnoldi coefficient.

These Arnoldi-based Krylov approximations underpin modern algorithms for e‘4b,
fractional powers A“b, matrix sign functions, and other applications discussed earlier.

5. Sketching the Arnoldi approximation

Key idea. Express the matrix—vector product via a contour (or Stieltjes) integral and solve
the shifted linear systems with a sketched Krylov method:

F(A) = / (tT + A) 'bdpu(t) = / £(t) du(t),

with z(t) = (tI + A)~'b. The representation holds whenever f is analytic on and inside
a closed contour I" enclosing —A(A) or when f is a (Stieltjes-type) Laplace transform.
Hence it suffices to solve the shifted systems (t/ + A)x(t) = bfort € I.

Using a sketched Arnoldi or GMRES iteration for each shift keeps the orthogo-
nalisation cost at O(nnz(A)k) instead of O(NE?) per cycle while preserving the usual
residual bounds up to a factor \/(1+¢)/(1 — ¢).




6. Sketched FOM approximation
To approximate (tI + A)~'b we choose &, (t) € K, (A, b) of the form
Tn(t) = Vinm (), (SVin)*[Sb — S(tI + A)in(t)] =0,

i.e. we impose the FOM Petrov—Galerkin condition with the skefched inner product (Su, Sv).

sFOM approximation. Define

~

= /F (1) du(t) = Vi F(((SVi)"SAV;.) ™) (SV30)" S,

provided f((SV;,)*SAV,,) is well defined.

Cost. After the Arnoldi basis V,, is available, forming fm requires O(Nm) for the
two dense products with V;,, plus O(m?) for the spectral action on the m X m matrix
(SVin)*SAV,,; this is O(Nm + m3) and typically dominated by the orthogonalisation
cost O(Nm?).

7. Error bound of sketched FOM approximation

Theorem 5. For every 0 < ¢ < 1let S € CSXAN be an e—subspace embedding for
K (A,b). Then the sketched FOM approximation f,, satisfies

. /1

Notes.

e The spectrum of V! AV}, is contained in the numerical range W (A) = {z* Az : ||z]|2 =

1.

* A perturbation argument yields
A(V,ZS*SAVm) c WA + A(O,eHAH) = {zl + 290 20 € W(A), |29 < 5HAH}

Even when A is Hermitian, the set on the right need not be real.

Conjecture (Crouzeix).
If(A)ll2 < 2 sup [f(2)].

zeW(A)

The bound above, together with the theorem, underpins the convergence of sket-
ched Krylov techniques for large matrix—function evaluations.



8. Convergence Analysis
From the sketching inequality
1 1 1+¢
()] < 7)) < St < S, < rm(t)|],
lrm @I <] ()Il_mll ()II_\/l—_gll O] ISRV A0l

we obtain the following bound for the contour—integral approximation.
Theorem 6. For everym > 1

1A~ frnllaa- < [IBll C1 Ce (sin fo) ™,

where

[1+¢
Ci = || Al f(pllAlI%), Ce = 1o Bo = arccos(d/||Al]).

9. Experiments

Experiment 1: Convection—diffusion (A~'/2b). The fractional power A~'/2 appears
when preconditioning steady convection—diffusion operators and in space—fractional dif-
fusion models. In this experiment we use the 2-D convection—diffusion matrix from
IFISS (N =49,201); the goal is to approximate z = A~/2b with b=(1,...,1)T. Sket-
ched FOM with m = 40 and SRHT sketch dimension s = 8m reaches the reference
residual 1078 in 43 Arnoldi steps—roughly a 2.4 x speed-up over the unsketched run.

Experiment 2: Lattice QCD (sign(A)b)). For the overlap Dirac operator one must
compute sign(A)b = (A2)~1/2Ab, where A is the Hermitian Wilson matrix of dimension
N =12,288. Using the same sketch parameters (m = 30, s = 6m) GMRES-SDR with
a sketched inner solver attains a relative residual below 107! after three outer cycles,
matching the exact Lanczos—based sign routine but with a 3 x reduction in Gram—Schmidt
time.

10. Can we avoid sGMRES quadrature

An alternative characterisation of GMRES for the linear system Az = b is that the residual
after m iterations, r,,, = b — Ax,,, can be written in polynomial form:

'm = pu(A)10,  Pm € iy pr(0) = 1,
and, equivalently, satisfies the orthogonality condition
rm L AK,(A,b) =span{Ab, A%, ... A™b}.
This viewpoint suggests a way to bypass the explicit quadrature in sketched GM-
RES: once the polynomial p,, (or its Hessenberg surrogate) is available, applying p,,(A)

to the sketched right-hand side Sb involves only additional matrix—vector products with
A in the sketch space, eliminating the need for numerical integration.

If you are pursuing this idea, I would be happy to provide further implementation
details and numerical evidence.



11. Nonlinear Eigenvalue Problem

Definition 7 (Linear eigenvalue problem). Given A € C"*", find scalars A € C such that
the matrix

FA) :=A-)\I

is singular.

Definition 8 (Nonlinear eigenvalue problem). Let ) C C be a non-empty open set and F'
Q — C™™ an analytic (holomorphic) matrix function. A scalar A € €} is a (nonlinear)
eigenvalue if F'(\) is singular.

Throughout we assume F € H(Q, C"™"), i.e. F is holomorphic on €.

Theorem 7 (Atkinson 1952). If F is regular’on a domain (), then the set of eigenvalues
A(F) = {X € Q : det F(\) = 0} is discrete in €, i.e. it has no accumulation points
inside ).

Theorem 8 (Keldysh 1951). Suppose F' is regular and let A € A(F) have algebraic
multiplicity m. Then there exist matrices V,W & C™™ of full column rank and an
m X m Jordan matrix J with eigenvalue )\ such that

F(z)™' = V(2I = J)"'W* + R(2),
in some neighborhood U C Q of A, where R(z) is holomorphic on U.
12. Applications
Delay—differential equation.
u"(t) + Ad'(t) + Bu(t) + Cu(t—71) =0,

with matrices A, B,C € C"*" and delay 7 > 0. Seeking exponential solutions u(t) =
e*Mv leads to the nonlinear eigenproblem

F\v = (WI+X+B+Ce ™o = 0,

where F' : C — C**™,

Boundary-element Helmholtz problem.

Au+Nu=0 inQQ,
u=0 ondf,
with @ C R? bounded. Discretising the boundary integral formulation yields a ma-

trix—valued meromorphic function F'(\) whose roots A € C are the (complex) resonances
of the domain.

Regular means det F'(2) # 0 on (0.



13. Solving the nonlinear eigenvalue problem with Newton’s method

Seek the roots of the scalar function f(z) = det F'(z). Using Newton’s iteration together
with Jacobi’s formula

f'(z) = dizdetF(z) = det F(z) t(F(2) " F'(2)),

where F'(z) = d—(z), the update becomes
z

o Fr(A®
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14. Methods based on Contour Integration

Let I' C € be a contour enclosing every eigenvalue of .JJ and let R € C™*" be a random
probing matrix with m < r < n. Define the moment matrices

1

Ayi==— | F(2)"'Rdz = VJ'W*R, (2)
2mi Jp
1
Ay i=— [ zF(2)'Rdz = VJ'W*R. 3)
2mi Jp

Assuming that the matrices V', W and W*R all have full column rank m, the
eigenvalues A(J) can be recovered from Ay and A; (e.g. via a small generalised EVP
Alflf = /\Aoﬂf)

Moreover, the sketch preserves the conditioning of W:

1-— 1
. +§ cond(W) < cond(W*R) < 1 i_i

cond(W),
so the projected problem remains well conditioned.

15. Randomized Sketching for NEPs
Theorem 9. Let f(\) = vec(F(/\)) c L? (Q, CN) admit the Schmidt decomposition
12
o

2
1

N
|

f) = Z%’ u;j vj(A), 117 = "a7,  p(f) =

J=1

(stable rank).

For any 0 < € < 1 a Gaussian sketch S € C*Y with s > C p(f)e~? attains HSfH2 €
(1= &)[|fII? (1 + &)|| f||?] with probability at least 1 — e™*.

Let Ay(f) := Zj:o f(X;) L;(X\) be an abstract approximation operator with L; €
L?(Q,C) and denote p = rankyp(f — Ag(f)). Choose an embedding S € C*>*N with
s> C pe~? and set

Vo= S(f—Auf) € C, sothat || V|2~ | f— Aa(f)|? upto (1 £e).

This sketched residual V can be used in place of the full residual when construc-
ting rational or polynomial corrections in projection-type nonlinear eigenvalue solvers,
reducing the cost from O(Np) to O(sp) while preserving accuracy within the user-chosen
distortion €.



16. Rational Approximation

Aim. Given a compact set £ C C and integers m,n > 0, define

nm,n(f7E) = argmin”f_THE»

TERm,n

where R, ,, is the set of rational functions whose numerator and denominator degrees
do not exceed m and n, respectively. The goal is to quantify 7, ,(f, E) for classes of
functions f.

Theorem 10 (Chebyshev Alternation). Let r € R, , have defect d, i.e. 1 € Ry—gpn—a
butr ¢ Ry—d-1n—a—1. Then r is optimal for 0y, ,,(f, E) iff there exist points

To <21 < < Tpgnt1-d € F
such that | f(x;) — r(z;)| = || f — r||g and the signs of f(x;) — r(x;) alternate.
Example 1 (sublinear vs. root-exponential). For analytic f, polynomial best approxi-

mation satisfies 7, o(f, £) = O(m ™), whereas diagonal rational approximation 7,,, ,,, (f, F)
converges like exp(—cy/m); choosing (2m, 0) often improves constants.

Example 2. Bestrational (m, m) approximants to ¢* on [—1, 1] achieve errors ~ exp(—m+/m).

Example 3. On the semi-infinite interval (—oo, 1], type (m, m) rational approximants
to e¥ decay ~ exp(—mv/2m).

Example4. Fortan zon[—1, 1], best type (m, m) rational error behaves like exp(—7mm).

Example 5. The Chebyshev weight f(z) = 1/4/1 — 22 on [—1, 1] has exact error 1,,, ., (f, E) =
0 for all m > 1.

z

V(=12 +9)((z +1)2+9)
optimal type (m, m) rational approximants arise from AAA (adaptive Antoulas—Anderson)
or Remez algorithms and inherit root-exponential convergence.

Example 6. For the elliptic integrand f(z) =

, near-

17. Theoretical Results

We want to show that

lim sup n,0(f, E)Y™ = 1/R < 1

mM—00

iff f is analytic in a neighbourhood of £’ that depends on R.

The Riemann map ¢ of a simply connected compact set £ C C is the conformal
bijection p : C\ E — C\ D.



Theorem 11.
lim sup 7m0(f, E)Y/™ =1/R < 1

m—00

if and only if f is analytic in Int(ERg) but not in any larger level set.

Demonstragdo. Let1 < r <r < R. If f is analytic in a neighbourhood of 7, then

1/m W (2 x 1/m
Um,o(f,E)l/m < Hf—Hm(f)HE/ Smax)%/@ (2) f(=) o]

2€E, B Wn(T) 2 — T

where w,,,(2) = [[;_,(2 — 2;). For Fekete points,

lim  max |em@|Ym = /7.
m—00 z€0E,, xt€0E5 wm (z)

Conversely, if 1,, o(f, E) < ¢/r™ with extremal polynomials p,,,, then

|pms1 — Pmlle < 2¢/7™.

By Bernstein—Walsh,
[Pmt1 = PmllEg < 2¢(R/T)™.

Letting m — oo forces R < 7, proving necessity. [

Theorem 12. If f is meromorphic in Er with at most n poles, then

lim sup 7 (f, E)l/m <1/R.

m—ro0

Lemma 1. Let z, . . . , 2, € Int(T") and wy,(2) = [} (2—2;). If f is analytic in Int(E),

then .
pole) = [ 200 S0,

© 2mi T —z wm ()

is the interpolation polynomial of f at {z;}.

Demonstracdo. The numerator w,, () —w,,(2) is a polynomial of degree m + 1 vanishing
at each x = z;; Cauchy’s integral formula then yields the result. [

Lemma 2 (Bernstein—Walsh). Let E be simply connected and compact with Riemann
map ¢ : C\ E — C\ D. For the level sets Er of |p| and any polynomial p,, of degree m
satisfying ||pm||p < M,

||pm||ER < M R™.

Definition 9. A rational function v = p/q is of type [m | n] at points zo, ..., Zpmin if
P € Pm, q € Py \ {0}, and fq — p vanishes at z, . . ., 2 1n (counting multiplicities).

18. Near-optimal rational interpolants

Assume F' C Cis closed and £ C C\ F is compact. If f is analytic in C \ F, one
can construct candidates for 7, ,,(f, E) that interpolate points in £ with poles only in F'.
:contentReference[oaicite:0]index=0



19. Energy and Capacity

Let M (E) be the set of positive probability measures supported on F. For u,, € M(FE)
we write (1, — i (weak-*) if

n—oo

lim gdun:/gdu, Vg € C(E).
For p, v € M (FE) define the potential and mutual energy

Ur(e) = [log (o). Tur) = [ U@ duo)

|2 — x|

and write I(p) := I(u, ).
Theorem 13. There exists a unique wy € M(E), the equilibrium measure, minimizing
I(u). Moreover U¥E(z) is constant q.e. on E and

Iwg) = log(l/cap(E)).

(For the electrostatic interpretation see.)
The density of Chebyshev points near J[—1, 1] (“corona discharge” picture) is
explained by the fact that Fekete points approximate wp.

If E is simply connected, its equilibrium measure is linked to the Riemann map
¢:C\E — C\Dvia

log [p(2)| = 10gcap(E> — U“P(2).

20. Examples of Convergence in Capacity

Theorem 14 (Pommerenke, 1973). Let f be analytic at O and meromorphic in C, and
denote by r, its Padé approximant at 0 of type [m — 1 | m|. Then for any compact E C C

limsup” f—rm H]lg/\n;m =0,
m—0o0

where the exceptional sets E,, satisfy cap(E,,) — 0 as m — 0o.:contentReference[oaicite:0]index=0

Theorem 15 (Stahl, 1985-1986). Let f be analytic in C\ A, where A C C is compact and
cap(A) = 0. There exists a unique maximal domain D* C C \ A such that the diagonal
Padé approximants r,,, = 7y, ,, converge to f in capacity on every compact K C D’:

Ve >0, cap{z € K : |f(2) —rp(z)| >} —— 0.

m—0o0

Moreover,

lim sup H f—rm HZW =p? <1,
m—00

where p < 1depends only on f and the geometry of D*.:contentReference/oaicite: I Jindex=1



21. Why logarithmic potential theory?

Given two monic polynomials of degree m

Pn(z) = H(Z — Qjm), Qm(z) = H(Z = bjm),
j=1 j=1
logarithmic potential theory allows one to describe the asymptotic distribution of their ze-
108 {a;, } and {b;,,} in terms of equilibrium measures that minimise electrostatic energy
on the complex plane. This viewpoint explains why the zeros of, e.g., Chebyshev polyno-
mials cluster near the endpoints of an interval and why quadrature nodes for near—optimal

rational approximants accumulate on contours of minimal capacity.

22. Condenser with two plates

Consider two disjoint compact sets £, F' C C (plates) with positive capacity. Put one unit
of positive charge on I and one unit of negative charge on F'.

Theorem 16 (Two—conductor condenser). There exists a unique signed measure |ip p =
wg — wp minimising the condenser energy I(n) = I(wg) + I[(wr) — 21 (wg, wr). The
minimal energy equals log(1/ cap(E, F)), where cap(E, F) is the condenser capacity.

This result reduces questions about near—optimal rational approximants with poles
restricted to /' and interpolation points in F to an extremal energy problem for g .

23. Main theorem (Gonchar-Parfenov)

Let f be analyticin C \ F and let E C C\ F be compact. Denote by 7,,,_1.,(f, E) the
best uniform error of type [m — 1 | m | rational approximants whose poles lie in F'.
Theorem 17 (Gonchar—Parfenov).

lim sup 101, (f, B)™ < exp(—2/ cap(E, F)),

m—o0

where cap(FE, F') is the condenser capacity defined above.

The exponential rate is therefore governed by the inverse of the condenser capa-
city, confirming that rational approximants attain root—exponential convergence when the
geometry of (F, F') admits small capacity.



	Introduction
	Overview of PINNs
	The DRSOM
	The straightforward calculation of two Hessian–vector products in DRSOM
	Regularizing an ill-conditioned Qk
	Reducing the number of gradient evaluations
	Error analysis (finite differences and round-off)
	Hermite approximation (higher accuracy with function & gradient)

	The MUON
	Numerical Comparison between ADAM, SOAP, MUON and DRSOM
	Tackling the Disadvantage of MUON in PINN training-Using a Proper Step Size Schedule
	Future Works

