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Robustness of the Frank-Wolfe Method under
Inexact Oracles and the Cost of Linear Minimization

Tao Hu

Abstract We investigate the robustness of the Frank-Wolfe method when
gradients are computed inexactly and examine the relative computational cost
of the linear minimization oracle (LMO) versus projection. For smooth non-
convex functions, we establish a convergence guarantee of order O(1/v'k + §)
for Frank-Wolfe with a d—oracle. Our results strengthen previous analyses for
convex objectives and show that the oracle errors do not accumulate asymp-
totically. We further prove that approximate projections cannot be computa-
tionally cheaper than accurate LMOs, thus extending to the case of inexact
projections. These findings reinforce the robustness and efficiency of the Frank-
Wolfe framework.

Keywords Frank-Wolfe method - Inexact oracle - Projection vs. LMO

1 Introduction

The Frank-Wolfe method is a projection-free method for constrained optimiza-
tion. At each iteration, Frank-Wolfe solves a linear minimization subproblem
instead of a projection, which can be advantageous on structured domains such
as simplices or spectrahedra. Classical analyses guarantee an O(1/k) conver-
gence rate for convex objectives [6,4] and O(1/v/k) for nonconvex ones [7].

Despite its popularity, the robustness of Frank-Wolfe under inexact gradi-
ent information remains incompletely understood. In deterministic optimiza-
tion, the d—oracle model [3] is used to bound the gradient error. We revisit
this framework and derive new nonaccumulation bounds for both convex and
nonconvex settings.

Tao Hu

School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an, Shaanxi 710049,
P.R. China

E-mail: hu_tao@stu.xjtu.edu.cn



2 Tao Hu

Let Q@ C R? be a compact convex set and f : Q — R be the objective
function. Denote ||-|| to be the I2 norm. We consider the minimization problem:

min f(z)
st.zeq .

The Frank-Wolfe method, which has a linear minimization oracle as its
basic module, is an effective way to address this problem. At the iteration point
xk € @, the Frank-Wolfe method solves the linear minimization subproblem

Ty € arg;réig {f(zx) + Vf(xr) (& —ax)}

and updates with 41 = (1 — @)z + @rZr where @y € [0, 1).

In the convergence analysis of the Frank—Wolfe method, the following aux-
iliary sequences are frequently used and will also appear in our proofs:

B = SR ay = sl
- k—1 — ! - =N
Hj:(] (1 - Ol]) 1 Ok
Here, {Ek}z;x(’) denotes the sequence of step sizes used in our algorithm. We
. -1 -1

follow the conventions []; () := 1 and }_,—y(-) := 0.

We denote the Frank-Wolfe gap at the point « € Q) as

G(z) = sup Vf(z)" (x — y).
yeQ

k> 1. (1)

Besides the convergence guarantee, robustness and the efficiency of the
Linear Minimization Oracle are also important aspects of the Frank-Wolfe
method.

The performance of Frank-Wolfe under inexact gradient is a very interest-
ing problem. With unbiased gradients and bounded variance (or sub-Gaussian
tails), Stochastic Frank-Wolfe variants achieve a Frank-Wolfe gap of O(e) with
O(1/e*) gradient evaluations, and variance reduction accelerates finite-sum
problems and can achieve the same Frank-Wolfe gap with O(1/e3) gradient
evaluations [11,5,9,8,16,12]. For heavy-tailed noise, Stochastic Frank-Wolfe
with clipping or robust estimation achieves high-probability guarantees [14,
13].

In the deterministic setting, there is situation where the gradient error is
bounded by §/D but can be arbitrarily chosen along the training trajectory.
This case is often relaxed and referred to as obtaining a d-oracle:

|(g5(2) = Vf(2))T(z —y)| <6, VyeQ. (2)

If we use an increasingly accurate gradient along the iterates, like if

(9s(o0) = V@) (w — )] < - OLD% Yy € Q.

then

97LD?
Glay) < 21

< m(l +9).
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For the more common scenario, where the error does not decrease, Freund
and Grigas prove an O(1/k + d) convergence of the Frank-Wolfe gap[4], and
we show an O(1/vVk + §) convergence for nonconvex functions in this paper.

Sometimes we consider objective functions that are convex but non-smooth
or the case when the gradients are computed at shifted points [2]. Those func-
tions may not obtain a gradient, but they can be equipped with a (4, L) oracle

3]
0< F(&) ~ o) + 901) @z ~ 1) < Sllo— 9P +5, ¥ my € @

Since the first bound of the Frank-Wolfe gap under (6, L)— oracle, which is
O(1/k + k), has been proposed[4], it has been an open problem for more
than ten years whether the final guarantee of the Frank-Wolfe gap is optimal
theoretically.

Besides robustness, the ease of computing the Linear Minimization Ora-
cle is widely considered another major advantage of the Frank—Wolfe method,
which makes it more prevalent than proximal gradient methods. However, this
belief is currently supported mainly by intuition and set-specific comparisons
[1,10]. Additionally, we address a recent question posed by Woodstock [15]
on whether linear minimization oracles are inherently cheaper than projection
operators. We show that even coarse, approximate projections cannot outper-
form accurate LMOs in computational complexity.

Our main contributions are as follows:

(i) Nonconvex Frank-Wolfe with a d-oracle. We prove that for L-
smooth nonconvex objectives, Frank-Wolfe with a d-oracle achieves

min G(xk) < 2C (f(xO) — f*)

24.
0<k<K - K+1 + 20

(ii) Projection vs. LMO. We prove that a K-approximate projection at a
scaled point —Az produces an e-accurate LMO at x with e = O((K +
D?)/)), establishing that approximate projections can not be uniformly
easier than LMOs.

2 Frank-Wolfe with an Inexact Oracle

Let @ C R? be compact and convex, and f : @ — R be convex with L-
Lipschitz gradient. The Frank-Wolfe update in Algorithm 1 uses the d-oracle
gs defined in (2).

Lemma 1 Under (2), for any x € Q,

> flew) + géiggé(l‘kf(x—xk) — 0.
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Algorithm 1 Frank-Wolfe with a J-oracle
1: Initialize zg € Q.

2: for k=0,1,2,... do

3 Query gs5(zk).

4: Solve 2}, = argmingcq g5 (k)T (x — 2p).

5

6

Set i1 =k + ap (T — xk), ag € [0, 1).
: end for

Proof By convexity, f(z) > f(xx) + Vf(zx) " (z — 21) for any z € Q. From
(2), Vf(xp) " (x — ) > gs(x) " (x — zx) — 6. Therefore,

f@) > f(xr) + gs(an) (@ — z1) — 6.
Taking mingcq on both sides yields the claim.

We also recall a subproblem-level accuracy transfer.

Proposition 2 ([4, Prop. 5.1]) FizZ € Q and§ > 0. If & € argmingcq 95(Z) ',
then
Vi@ 'z < néiél Vi@ 'z + 26
The convergence theorem of Frank-Wolfe with a - oracle on convex objec-
tives is given by Freund and Grigas as follows (one can actually show that the
result of Freund and Grigas actually applies to the widest range of step-sizes):

Theorem 3 (Nonaccumulation under §-oracle, convex case[4]) Let Q
be compact convex with diameter D, and f be convex with L-Lipschitz gradient
on Q. Let g5 satisfy (2). For the Frank-Wolfe iterates of Algorithm 1 with
stepsize satisfying Z;:OE ay = 00, ZZ:% ai < oo and @y, | 0, then

flepgr) = £ < (U—ap) (f(zr) — f*) + 2006 + S LD*aj, (3)
and hence limsup(f(zx) — 1) < 24.
k—o0
Example 4 (Tightness up to constants) Let Q = [-1,1], f(z) = 3a?

(convex, L = 1, D = 2). Define a §-oracle by gs(z) = Vf(z) — % sign(x).
Frank-Wolfe with @, = 2/(k + 2) converges to a neighborhood whose size is
proportional to 6.

3 Nonconvex Frank-Wolfe with an Inexact Oracle

We now consider nonconver minimization over a compact convex set S C R%:

veg /@

where f is differentiable and has L-Lipschitz gradient on S. Denote D :=
Diam(S) and set

C % max{LD? GD} with G :=sup|Vf(z)| < 0.
zes
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The Frank-Wolfe gap at z is

G(zr) £ Igleaé((Vf(:E), x — ).

We assume access to a d-oracle for the gradient, i.e., for every x € S there
exists gs(z) such that

(Vf(z)—gs(x),s—x)| <& VseS. (4)

Define the approxzimate Frank-Wolfe gap

s L _
G(z) = ggagc(gg(x), x —8).
From (4) it follows that

|G(z) -~ G(2)| < . (5)

Algorithm 2 Nonconvex Frank-Wolfe with a §-oracle

1: Input: 20 € S, curvature constant C' > max{LD?, GD}, error level § > 0.

2: for k=0,1,2,... do

3: Query gs(x*) that satisfies (4). ~

4: Solve s¥ = argmingcg(gs(z¥), s — zF); Gp 1= G(zF) = (g5 (z¥), zF — s*).
5: Set xFtl =2k + G (s* —2F), @ = %, where (u)4 := max{u,0}.
6: end for

Lemma 5 (One-step decrease) The iterates of Algorithm 2 satisfy

(gr —0)%

FE) < et - g (6)

Proof L-smoothness gives
F@th) < fa®) + a(VF(ah), s* —a*) + fag)s" — ")
< 1) + @lga(a®), o — a) + @b + S
= (@)~ maa) +md +

— fa®) — @G —0) + S

2
using (5) and ||s* — z¥|| < D.
With ay = (gx — 0)+/C,
1,
FE) < 104~ o on 012

since ag = 0if g — 6 < 0.
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Theorem 6 (Nonconvex Frank-Wolfe with a d-oracle) Let f be L-
smooth on a compact convex set S of diameter D. Suppose the d-oracle con-
dition (4) holds. With curvature constant C > max{LD? GD} and step size
ar = (g — 0)+/C, the iterates of Algorithm 2 satisfy

min G(ﬂ?k) < QC(f(.Z'O) _f*)

0<k<K K+1 + 2, (7)

where f* := inf,es f(x). In particular, to reach a Frank-Wolfe gap at most
€ > 24, it suffices to take

2C (f(2°) — f*)
K+1 > W

4 A stronger guarantee under a directionally relative d-oracle

In this section we strengthen Section 3 by replacing the additive inexactness
assumption with a directionally relative one:

(V) - gs(z), s —a)| < 8||Vf(z)] VseS VeeS (8

Define the approximate Frank-Wolfe gap G(z) := max,cg(gs(z), = — s) and
the true gap G(z) := max,es(Vf(z), z — s). From (8),

|G(z) = G(2)| < §|Vf(@)| Vzes. (9)

We analyze the same update as Algorithm 2 but with a stepsize that reflects
the new assumption:

(kY — ok
" =ab pa(sh - 2F), @ = (G 31V A )||)+, (10)

C

where s* € argmin,eg(gs(z¥), s — 2*) and C > max{LD? GD} as in Sec-
tion 3.

Lemma 7 (One-step decrease under (8)) For the iterates (10),

(G(z*) = 8]V £ (=")Il)
2C

2
+

FEth) < fEh) -
Proof L-smoothness and ||s¥ — z%|| < D give
F@™) < fah)+on(V ("), s* ~a®)+ Gag||s" —a|* < f(a)+ar(V f(a¥), s* —a*)+ Gag.

By (8) and the choice of s*, (V f(a*), sk —a¥) < (gs(a*), sP—aF)+6|V f ()| =
—G(2%) + §||V f(z¥)|. Plugging this in and minimizing the quadratic upper
bound over @y > 0 yields the claim with the choice (10).
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Theorem 8 (Relative oracle: residual scales with ||V f||) Let f be L-
smooth on compact convex S of diameter D and suppose (8) holds. With the
stepsize (10),

. 2C (f(2°) — f*)
Jmin (GG — 20|V rah), < ([ FELEE
Proof Summing Lemma 7 for £k =0,..., K gives
Z =SV M) < 20(£(°) = F@"H) < 20(f(°) - ).

Hence

min _(G(z") =8|V f(z")l]), < V20(f(2°) = f*)/(K +1).

0<k<K
Using (9) yields
(G(a") =26V f ()], < (G*) =8IV fEh)]),
which implies (11).

The bound (11) is strictly stronger than Theorem 6 whenever the gradients
encountered along the trajectory are small, since the residual term vanishes
proportionally to ||V f(z*)||. In particular, one obtains asymptotically exact
Frank-Wolfe stationarity whenever ||V f(z*)| — 0.

We now show that a purely gap-only rate with no additive residual follows
if the iterates remain at a positive distance from the boundary.

Corollary 9 (Residual-free rate under an interior margin) Suppose there
exists v > 0 such that dist(z*,08) > r for all k. Then for all x € S,
G(z) > r||Vf(2)|, and if additionally 6 < r/2,

1 2 0) — f*

<
0<k<K - _E K+1

(12)

Consequently, ming<j<x G(z*) = O(1/VK) with no additive residual, and
lim infj, o G(2*) = 0.

Proof If dist(z,0S) > r, then for the unit vector v = Vf(z)/||Vf(z)| the
point x — ru € S, which yields G(z) > (Vf( ),z — (z—ru)) = r||Vf()|.
Using this in (11) gives (1 — 2§/r) min; G(z") < \/ZC’ z0) — )/ (K + 1),
and (12) follows because 6 < r/2.

Remark 10 (Implementability) The step (10) uses ||V f(z*)|| only in the
analysis. A standard backtmckmg line-search based on the smoothness upper
model p(ar) = f(z*)+a(gs(a®), sF—ak)+La?||sF—ak||? (which uses only gs, L,
and ||s* — x*||) produces a stepsize dy, satzsfying the same decrease inequality
as in Lemma 7 up to a harmless constant factor in C, so Theorem 8 and
Corollary 9 continue to hold with possibly larger C'.
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5 Projection vs. Linear Minimization Oracle

Let (-,-) and || - || denote the Euclidean inner product and its norm. For a
nonempty compact convex set C' C R?, define projection Proj(z) = argmincec 3 [c—
x||? and linear minimization oracle LMO¢(z) = argmin.cc(c, 2). p' € C is a

K -approximate projection of x onto C' if

2llp" = 2ll* < min gle — 2* + K.

Proposition 11 Let p’ € C be a K-approzimate projection of x onto C, then
forallce C,

(c—p'sx—p) <K+ glle—p'|°.
Proof From the definition of p/, I|lp’ — z||* < 3llc — «||* + K for all ¢ € C.
Expanding the squares and simplifying gives (c—p/, x —p') < K + 3[lc—p/[|%.

The following theorem establishes an equivalence in computational effort
between approximate projections and LMOs.

Theorem 12 (From K-projection to e-LMO) Let C C R? be a nonempty
compact convex set with diameter dc := sup,., .,cc llc1 — c2|| and radius pc =
sup.cc el € RY. Let v € LMO¢(z) and p' € C be a K-approzimate

projection of —Ax onto C for some X\ > 0. Then
K+ %5% + pode
5\ .

In particular, choosing A > (K+30&+ucdc) /e ensures (p, x) < mincec(c, z)+
g, i.e., p' € e-LMO¢(z).

0< (plax) - (’U,.’E) <

Discussion. This extends the exact-projection implication of [15] to inezact
projections: one K-projection at a scaled point yields an e-accurate LMO. In
particular, accurate linear minimization is no slower than coarse projection,
uniformly over compact convex sets.

6 Conclusion

We have established tight robustness guarantees for the Frank-Wolfe method
under inexact gradient oracles and extended recent insights on the relation-
ship between projection and linear minimization. The results confirm that
oracle errors do not accumulate and that approximate projections cannot be
computationally superior to accurate LMOs.
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Appendix A. Proof of Theorem 3

Let D = Diam(Q). Lipschitz smoothness of f and (2) yield, for the Frank-Wolfe step zj41 =
Ty + k(T — k),

Flern) < Fla) + V@) @ — o0) + 3 e — ol
= F(on) + ke V) @ — ) + o — el

- _ L_, _
< f(a) + ngs(zr) " (T — zx) + 0kd + 504%”9% — z?
< (1 —ap) f(zr) + 0k (f(zr) + gs(xe) T (@ — 2x) — 6) + 200 + L D@,
< (1—ay) fz) + anf* + 200 + L D43,

where the third line uses ||Zx — k|| < D and the last line uses Lemma 1. Subtracting both
sides from f* gives (3).

In order to continue, we multiply Br4+1 by both sides of Equation (3); using Equations
(1), we get that

L
Br+1(f(@pt1) — f*) < Br(f(zw) — f*) + 20, Br4+10 + 5D25%5k+1-
By taking the summation, we get that

k k
Br+1(f(xp+1) — f*) < (f(wo) — f*) + 25253'5341 + gDQ Za?5j+1

j=0 Jj=0
k L k
< (flwo) = /) +26 3 (Biwr = By) + 5 D? 3@ B,
j=0 Jj=0
since fi41 — Bk = @k PBr+1- The summation term telescopes as

(Bj+1 — Bj) = Br+1 — L.

0

k
j=
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Substituting this back, we obtain

L k
Brt1(f(r41) — ) < (f(o) — ) +20(Br41 — 1) + §D2 > @Bt

Jj=0

Dividing both sides by fSj1 yields

ko -2
L 05841
f(fl?k+1)—f*§ f(aJO) f +25<1 )+7DQZJ 0y J+ .
Br+1 kt1 2 Br+1
Take any 1 < J < k,
S0 @B 41 P o, _
Tiahe S [ a-a+ 3 & [] 0-a
k+1 j=0  t=J+1 j=J4+1  t=j+1
J k k
—2 —2
<>@ [ a-m+ 3
j=0  t=J+1 j=J+1
Therefore,
k =2 +oo
—0 &5 Bj+1
lim sup j=075 7+ < Z E?,VJ>1
k— 400 Br+1 iyt
Hence,
2
a5 Bj+1
lim sup ==0"37F _
k—+o00 ﬁkJrl
Hence

li;nsup(f(:tk) — ) <26

This completes the proof.

Appendix B. Proof of Theorem 6

By Lemma 5 we have

5 5)2
Fr) < gk - P
Summing from k = 0 to K yields
K
D@ =03 < 20(f(@°) - f(@"H) < 20(f(2°) - f7).
k=0

Therefore

Jmin, (G(a*) —20)1 < min (G — )4 < \/20(/(2) — £)/(K +1).



Frank-Wolfe with inexact/stochastic gradients; LMO vs projection 11

Appendix C. Proof of Theorem 12

Proof By proposition 11, we have that

1
(c—p, =Xz —p) §K+§Hcfp/H2,Vc€C.

Then, and take ¢ = v,

1
)‘(plvx) - A(va) S K+ 5”7} _p,H2 + (plvv _p/)'

Next,
1
)‘(p/ - 'U7$) S K+ 5”’0 _p/”2 + (p,,’u - p,)
1
=K+ Slo =9+ (08) - ¢ 8)
1
<K+ llo =12+ 11l 12'1)
1 /112 / /
S KA Sllv =217 + I lHlv =7l
Therefore,
1
Ap' —v,z) <K+ 56?; + pode.
Hence,
K+ 162 + ucs
0 S (p,7$) - (va) S %7
where the first inequality is from the fact that v € LMO¢ (z). O
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