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1 Introduction

Consider the stochastic optimization problem

in Eeopf(B,£),
ploin Eewp/(B,£)

- . af(B,
where € € E, write f(B) = Ef(B,¢), Vf(B,¢) = Vs f(B,¢) = L3,
Robust optimization has been a very popular topic in the field of optimiza-
tion.
This article interprets each iteration step in stochastic optimization as a

robust decision process.

Algorithm 1 DRO-based Steepest Descent(DROSD)
1: Initialize Bg < 0
2: fort=0,...,T—1do
3:  Compute batch gradients G; < Vf(By, & ;) fori=1,..., Ny
4
5

Compute average G N% Zivtl G;

Obtain d; by solving a DRO subproblem related to the empirical distri-
. N,
bution ]P)t,Nt = Zi:l 6Vf(Btv‘Et,i)
Update parameters B, <+ B; — d;
end for
return Brp

Assumption 1 (Lipschitz gradient in B). There exists L > 0 such that for all
& and all By, By € R™*™,

[VBf(B1) — VBf(B2)|| < L[B1—Bal,

where ||-|| is a chosen matrixz norm on R™*™ with dual norm ||-||.. We will take

it to be the nuclear norm in this article, and we will explain why it is optimal
to use the nuclear norm. Equivalently, for each fized &, the map B — f(B,¢§)
is L-smooth with respect to this norm (the constant L does not depend on &).



Algorithm 2 Steepest Descent(DROSD)

1

: Initialize Bg <— 0, 79 < 0

2: fort=0,...,T—1do
3:  Compute batch gradients G; <~ Vg f(By, &) fori=1,..., N,
4:  Compute average G; < N% ZzNztl G;
S 57715(—;1 + (1= B)[1G]|
6 dv =g
7. Update parameters B;;; <+ B, — d,
8: end for
9: return Br
Algorithm 3 Steepest Descent
1: Initialize Bg < 0
2: fort=0,...,T—1do
3:  Compute batch gradients G; < Vg f(By, &) fori=1,..., N,
4:  Compute average G; < N% vaztl G;
5 _
||Gt||nuc - Ct
dt = —maX{O,2Lw Ut‘/tT,
where o
UtZVtT is the thin SVD decomposition of G;.
6:  Update parameters By <+ By — d;
7: end for
8: return Br




2 Formulation Using Moment Ambiguity Set

For simplicity of notation, we write f(x,£) = f(B,&), where € R™" is the
vectorization of B.

2.1 Linear Formulation

Consider the robust optimization problem proposed by Delage and Ye [2]:

U(x, Ax,v1,72) = maximize, ;. Ey[h(x, Az, &)]

subject to Ep (1] =1, Ef[Vf(x,8)]=np
Efg[(vf(wag) - MO)(vf(wag) - ,UO)T] = 7220
2o (1 — po) =0

(h=mo)"  m
fg(Vf(ﬂ%f))EO, V§€$7
where we take h(x, Ax, &) = AxTV f(x,§).

Claim 1. Take ¥ = min{~1,7v2}, then

U(x, Ax,v1,72) = Azl g + VAV AzT Sy Az,

Proof. In fact, we claim that the maximum is obtained when f¢ is supported at
a single point.
Since,

(1 — po) (1 — po)" + Cov(V f(x,€)) =Er [(Vf(x, &) — po)(Vf(, &) — o) '],

we have that

(1= p0) (= po)" 2 Ep [(Vf(,8) — po)(Vf(,8) — o) ']

Therefore,
(1 = o) (1 = o)™ = 72%%0. (1)

If y € R™" such that $oy = 0, then from (4), we know that (u— po)Ty = 0.
Therefore,
W — o € Tow X9 = col X.

Since ( )

2o M= Ho

>0,
(w=p)"  m |
1
S0~ — (i = po) (1 — o) = 0.

71

Therefore,

(1= po) (1 — o)™ =1%o (2)



Combining (1) and (2), we get that

(1= o) (1 — po)™ = 7%o. (3)

What’s more,
By, [h(x, Az, €)] = AzTp.

The only restriction for p is (3).

AxTp < Az pg + Az (1 — o)
AT o + (55 Aa)T (2 — o))
Az o + |55 Al |28 (1 = po)»
Az o + 7] S5/ Azl

Azt 1y + 5V AxTY oAz,

and equality holds when

IA A

f=Ho VAZTS Az

Therefore,

lII(:B7 Aw7 71, 72) = AwTMO +YV ASUTZOA$7

and the maximum is obtained when f¢ is supported only at one point. [

2.2 RELU Formulation 1
Consider the robust optimization problem proposed by Delage and Ye [2]:

U(xz, Az, v1,72) = maximize, ;. By [h(x, Az, )]

subject to Ep (1] =1, Ef[Vf(z ] =p
Er[(V(2,8) — mo)(Vf(2,8) — p0) "] = 7230
2o (1 — po) =0

(1 —p0) " "
fe(Vf(@,8) =20, VEes,
where we take h(z, Ax,£) = —RELU(-AzTV f(z,¢)).

Claim 2. Take ¥ = min{~;, 72}, then

U(x, Az, v1,72) = min{0, AzxT g + vVFV AxT oAz}



Proof. In fact, we claim that the maximum is obtained when f¢ is supported at
a single point.
Since

(b= o) (1 — o)™ + Cov(V f(2,€)) = B [(Vf (2, &) — o) (Vf(2,) — o) '],

we have that

(1= po) (1 — po) ™ = Ef [(Vf(x,8) — po)(Vf(z,&) — 110) ' ].
Therefore,
(1 — o) (1 — o)™ = 7120. (4)
If y € R™" such that Yoy = 0, then from (4), we know that (1 — )Ty = 0.

Therefore,
W — o € row 3o = col Xg.

Since ( )
2o M= Ho
=0,
(W—po)"  m |~
1
Yo — — (1= po) (1 — o)™ = 0.
71
Therefore,
(1 = p0) (1 = o)™ = 11 %%0. (5)
Combining (4) and (5), we get that
(1= o) (1 — o)™ = 7%o. (6)

What’s more, from the concavity of —RELU(—M\),
By, [h(z, Az, )] < min{0, By, (AzTV f(, €)} = min{0, AxT i}
The only restriction for p is (6).

Ax"p < Az pg + Az (1 — o)
Az o + (52 Az)T (Eg/Q(N - Mo))
Az pg + (|55 A 2|28 (1 — p0) |2
Az g + 7|55 Azl

AzT iy + 3V AxTS oA,

and equality holds when

IAIA

= o+ XAz
N T S

Therefore,

U(x, Ax,v1,72) = AzxT po + v AxT Sy Az,

and the maximum is obtained when f¢ is supported only at one point. [



3 Formulation Using a Second Order Wasser-
stein Distance Regularization

Fixing an iteration ¢ in Algorithm 1, we solve the following DRO subproblem
to obtain d;:

. 1
d; = arg min sup Ecol(d, G)] — —Wf(]P’tyNt, Q) ¢, (P2)
deRmxn QGM(Ran) 2K/
QE™")=1

where (d, G) = trace(d” G) and type-p Wasserstein distance W,(Q1, Q2) is
defined as follows:

Definition 1 (Wasserstein Distance).

Wp<@1,@2):(/ wf e glpaac.ae)

mell(Q1,Q2)

where I1(Q1, Q2) is the collection of distributions on R™ xR™ whose marginal
distribution with respect to the first m components is Q1 and the marginal dis-
tribution with respect to the last m components is Qs.

In the following proofs, we will make use of an important equivalent charac-
terization of Wasserstein distance which is stated below:

Lemma 1 (Kantorovich-Rubinstein[3]).

W1(Q1, Q) = sup ([ fomee- [ o).
f is 1-Lipschitz continuous RmXxn Rmxn
Theorem 1. Problem (P2) is equivalent to
. 1 2
d; =arg min {Egnp, v, [(d, G)] + s&/d]
deRmxn 2
1 (D2)
— i d,G,) + -«|d|?
arg i (.G + Sl
where
1 &
Gy =— B, & ).
t Nt ; vf( ts 5157 )
Theorem 2. If || - || = || - ||nue, then the optimal solution of (D2) is
l = T
dt = - E”Gt”nuc Ut‘/t P
where

UtEV;T is the thin SVD decomposition of Gy.



4 Formulation Using p-th Order Wasserstein Dis-
tance Regularization(p € (1, +0o0))

In order to generalize the results in the last section, we study the following
optimization problem

. 1
d; = arg min sup {]EGNQKd, G)] - Wf(}P’N,Q)} , (Pp)
dER™X™ o pg(gmxn) Kp
Q(R’"an)zl
where p € (1, 400).

Theorem 3. Problem (Pp) is equivalent to

. 1
a, = org_min_ {EGNM,M (d, @) + qnndnz}

— 1
=g i (1G]

1 1 _
where§+5f1 and

Ny
- 1
Gy = — By, &)
: M;w b &)

Theorem 4. If || - || = || - llnue, the closed-form solution of (Dp) is
é nuc %
dt _ _(” t” A ‘)q 1 UtVtT,
K
where

UtEVtT is the thin SVD decomposition of Gy.

5 Convergence of MUON beyond Uniform Lip-
schitz Gradient

Assumption 2 (Wasserstein Lipschitz Gradient). Denote Py as the distribu-
tion of Vf(B,§). We assume that

Wi (P, Pr/) < L,|B - B[,V B,B".
where W1 is the type-1 Wasserstein distance.

There exists C' > 0 such that Wi (P n,Pp,) < C with high probability.
From Assumption 2, we know that W1 (Pg,,Pg) < L, ||B: — BJ., V B € R"™*"™,
Thus, VB € R™*™ we have that, with high probability,

Wi (Pyn,P) < Wi(Py N, PB,) + Wi (Pg,,Pr) < C + L,||B; — B|..



We turn to solve the following subproblem:

d; = arg min sup Ec~gl(d, G)]. (P)
dER™X™ Qe M(R™ X ™), Q(R™*™)=1,W (P, v, ,Q)<C+L]|d] .

Theorem 5. Problem (P) is equivalent to

B : = 2
di =arg min ((d,G) + Clld]. + Lo [dl5) (D)
where
_ 1Y
Gi = ; V(B &)
Theorem 6. If || - || = || - |nue, the closed-form solution of (D) is
é nuc C
d, = max{(), 7” t”QLw } UtVtT;
where

UtZVtT is the thin SVD decomposition of Gy.

5.1 Convergence Rate Analysis Beyond Nuclear Norm

Assumption 3 (Light-tail Distribution). There exists constants a > 1 and
A > 0 such that

Eg~pglexp(]|G[|*)] < A, VB € R™*™.

Define the event E} as HE]P’t,Nt vf(Bta g)_]E]th vf(Bt7 5)” < Ct}7 and {Et ?_:08
is a collection of independent events.

Theorem 7. Take T > 0, § > 0. Choose 6; such that § > Z,:T:o 0. Then with
probability at least 1 — §, we have that

1= SLo(f(Bo) — f*) 8 <=
LY (v < eI BI 2T 8 s e @
t=0 t=0

and thus,

| 2 8Lu(f(Bo) = [*) | 8§~ o
Jmin [[VF(B)[* < T + ; .
Remark 1. Any unitary invariant [4] cross norm [1] || - || shares the same Cy.
When T is sufficiently large, tT:_Ol C? becomes the dominant term of the right-
hand side. Thus, the right-hand side is approximately invariant among different
norms. From proposition 3.12 of [1], the nuclear norm is the largest cross norm
over || - |2 and || - ||2. Therefore, when we use a nuclear norm guided steepest
descent, (7) is the strongest and achieves the steepest descent. This is because
Vf(By) is usually of high rank and ||V f(B)|lnue > |V F(B)|| for most unitary
tmvariant cross norms.
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A Rigorous Proofs of the Theorems

We give proofs only for Theorem 3, Theorem 4, Theorem 5, and Theorem 6,
since Theorem 1 and Theorem 2 are special cases of Theorem 3 and Theorem
4, respectively.

A.1 Proof of Theorem 3

For convenience, we write N :
we M(Rmxn) and M(Rmxn) —

Ni,Py = Py n,. Take p = Q — Py, then

o |l

sup {Ecw@ud,cn - ijf@N,@)}

@EMJF(]R”LX”)
QE™*")=1
1
— Baw G+ sup {Ewud, G>J—Wf<PN,@>}.
Q€M+(Rmxn) KD
Q(R7YLX7L):1

Consider the normed vector space Lip(R™*™) with norm ||| i whose value
is the smallest Lipschitz constant of that function. Consider a subset of its dual
space M(R™*™) that denotes all signed measures on R™*" and the dual norm
is || - ||k r- Using Hahn Banach theorem, we know that the dual norm of || - ||k r
is also || - || Lip-

From Theorem 1,



wiEx Q= sw ([ forsa- [ o)
1 fllLip=1 RmXxn Rmxn
= sw [ Q) = Il k.
[fllLip=1JRmxn
Thus,
s {Bovolld.0) - ZWI(En.Q))
Q€M+(Rmxn) Y
@(RTYZXTL):l
1
- Sel@@+  sw  {Bould.6)] - Liulka)-
QEM 4 (R™X™) P
QER™*")=1
While

1

sup {Ewud,cﬂ _ ||u|’;m}

QEM 4 (R™X™) kp
QE™<M)=1

is just the conjugate functionqof ,%p |- |5 g which equals AR [|%.ip> Where %—}-% =1
K K
We also know that £{/(d, )7, = £ld|[Z,.
Therefore, we have shown that

1
sup {Em@wd,an - Wf(IPN,@)}
Q€M+(Rm><n) KD

Q(RT?LXTL):l

K
= EGN]P’NKdvG” + EHngp

B Proof of Theorem 4

Assume that d = cM, where | M||,, = 1. We solve the optimization problem
. — 1
min (M, Gy) + —rc? ) .
CZO7M€R"71X"L q
By Neumann’s Inequality,
min <M7§t> = _”étllnuc
deRmXﬂ,

The minimal value is achieved if and only if M = —U;V,I. When the minimal
value is achieved, it suffices to minimize

10



— 1
_CHGtHnuc + gﬁcqa

and the optimal value of ¢ is naturally given by (%)U(q_l). O

C Proof of Theorem 5

For simplicity, write N = Ny, Py = P, n,. We follow the notations in [5], taking
X = (M(R™")))N to be the space of N-tuples of signed finite measures on
R™*™ Take C as a convex conic subset of X which contains all nonnegative
measures. Take Y = RV and K = R<g x {0}
Therefore, X* = L®(R™*"), C* = {f € C : f > 0}, Y* = RVl K* =
R<p x RY. We also take b = (—(C + L||d||.), —1,...,—1)T € RN+,

There exists a nonnegative measure 7 on R™*™ x R"*" whose marginal
distribution for the first m components is Py and the marginal distribution for
the second m components is Q, such that

Eeenmrll§ =&l = W (PN, Q).
We denote
q=(Q,Q%....QM)" e X.
The first stage of problem (P)
sup Eq[(d, VB /x(B))]
W(PN,Q)<C+L|d]l«

is equivalent to

SUPr1€ M (Rm > n Rmxn) mexT}v<d,G>H(dG’ Ran)y‘
- L5V e G = GIQH(AC) < €+ L|d]opy (8)
fR?an Q’L(dG) = 17

We write G = Vg fx(B), G; = VB fx,(B),c = (%(d, G))N |, Aq=(A%q, Alq,...,ANq)T,

where A'q =[50, Q(dG), A%q = £ SN [0 |G — G| Q¥ (dG).
Then (8) is equivalent to
SupQ€C<C7 q>7 (9)
st. Aq+beK.
We now turn to look at its dual problem:
Supy*EK* <b7 y*>ﬂ (10)
s.t. A*y*+ce C*.
Assume that y* = (A, s1, s2,...,8n), then

11



(v*, Aq) = %
-]

(4r
Hence, A*y* = (%||G — G4|| + s")]¥,. Since A*y* +c € C*,

i/ﬂwmne G,||Q(dG) +Z /

RmXxXn

Y Ale- i+ )
i=1
)

v,

0 > Ay o= (LG - Gill+5 + 1 (d,G)). Vi (11)

(11) is equivalent to that

) 1
—s' > —sup((d,G) + A|G - G4])
N ¢

= 3,6 - G~ IG - Gilp + (S

SOy ) + 1
_ Gy {o, ldfl. < =,
N +00, otherwise.
It follows that (¢,q) = —A(C + L||d|)) — 32N, s*. To minimize this, take
~A=|d|. and —s* = (%G1,
(10) is now written as

N
o1
min E (d,Gy) + (C + L|[d[l«)[|d] -
i=1

To show strong duality in Proposition 3.4 of [4], we observe that
AC) =RIF, AC) — K =REF!, —b € int(A(C) - K).

D Proof of Theorem 6

The methodology is very similar to the proof of Theorem 4. We repeat the proof
here for completeness.
Assume that d = ¢M, where |M]||,, = 1, then our goal is:

min (e(M, Gy) + Cc+ Lc?).
CZO,MGR”LX”

12



By Neumann’s Inequality,

min <M,§t> - —“ét”nuc-
deRan

The minimal value is achieved if and only if M = —U,V,T. When the minimal
value is achieved, it suffices to minimize
(C = |Gllnue)c + L, ¢ > 0.

3 : 3 max{0,[|Gt|lnuc—=C}
and the optimal value of ¢ is naturally given by ———57ue—=", O

E Proof of Lemma 2
Take any € € =, B € R"™*"™,

vim.g - LB OBy

is of rank one. O

F Proof of Theorem 7

Lemma 2. If event E; happens, then ¥V d € R™*",

f(By+d) — f(By) < sup Eq(d, G).
W (P, Ny ,Q) <Ci+ Loy |||«

Proof. By the mean-value theorem, there exists 6 € (0,1), such that
f(Bt + d) - f(Bt) = <Vf(Bt + ad)v d> = EGN]P’Bt+9d <G’ d>
Since
W(PB,+0a, Pt n,) < W(PB,+0a,PB,) + W(P:n,,PB,) < Ly|d||« + Cy,
we have that,

J(Bi +d) — f(By) = Egorp, 0a (G d) < sup Eq(d, G).
W(Pt,Nt, ’Q)Sct+L'w HdH*

Lemma 3. On the event Ei, if Bi11 = By + d¢, then

(IGel - €)%

f(Big1) — f(By) < — AL,

13



Proof. We observe that

f(Bitds)—f(By) < sup Eq(ds, G) = (ds, Go)+C|de| 4L [|de |2
W (P, N, ,Q)<Ci+ Loy |ld]|«

Since d; is taken to be the infimum of the right-hand side,

= G| - Cy)?
fBy+dy) — f(By) < inf o(—||Gy| + Cy) + Luc® = UG = G
c>0 4L,
O
Lemma 4. o
|Gt = V(B[ < C.
Proof. Take arbitrary d € R™*" ||d||« = 1, we have by Theorem 1 that
@G -VIB) = [ (@dGPxEG)- [ (dGPadc)
RTILXTL RT’YLXTL
S W(Pt,N”PBt)
< C.
Therefore, ||G; — V£(B:)|| < Cy. O

Lemma 5. If z,y >0, then (z —y)2 > %x2 — 2.
Proof. Case 1: = >y,

In this case, (x —y)y = x — y, so the left side is (x — y)? = 2% — 22y + y°.
The inequality becomes z? — 2zy + y2 > %xQ — 92, Rearranging terms gives
%xQ — 22y + 2y? > 0. Multiplying through by 2 yields 22 — 4xy + 4y? > 0, or
(x — 2y)? > 0. This is always true, with equality when x = 2y.

Case 2: = < y,

In this case, (x — y)+ = 0, so the left side is 0. The inequality becomes 0 >

%x2 —y2, ory? > %x? Since 2 < y and both are non-negative, y? > 22 > %xg.

The inequality holds strictly. O
Lemma 6.
1 1
[Bi+d)— [(B) < — VB + -2 (12)
Proof.
(UGl = CZ _  (IVfBo)] —2C)%
_ < _ < _
fBi+di) - f(By) < AL, < iL,
_SIVFBYP-act
- 4L,

_ o, Lo
= g Vi@ CE.

14



Now Theorem 7 follows by taking the summation of (12) from 0 to T — 1,
dividing both sides by T', and rearranging.
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